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Helly-type Hypergraphs and Sperner Families 
Zs. TuzA 
The aim of this note is to point out that some well-known theorems and their generalizations 
can be deduced in a simple way from an early result of B. Bollobas. Sperner families, T-critical 
and Helly-type hypergraphs are examined. 
INTRODUCTION 
We say that the set-systems A ={A~o ... , Am} and B ={B1, ... , Bm} form an ISP-
system (intersecting set-pair system) if they satisfy 
if and only if i = j. 
With the help of these systems we obtain a generalization of a theorem of Bollobas and 
Duchet [2] on the maximal number of edges in a d-dimensional Helly-type r-uniform 
hypergraph, give another proof of a generalization of the well-known Sperner theorem 
[5] due to Lubell [ 4] and generalize a theorem on r-critical hypergraphs [1, Theorem 2], 
[3]. These results will be achieved as simple consequences of an inequality proved by 
Bollobas [1, Lemma]. The following inequality is equivalent to that in [1] but its formula-
tion is more convenient. 
THEOREM 1 ([1]). If A and B form an ISP-system with !Ad= a; and !B;I = b; then 
m 1 I ~1. 
i=l ( a;;b) 
Equality holds if and only if for some non-negative integers a, b and set Y, a; = a, b; = b, 
A; u B; = Y (i = 1, ... , m) and A and B consist of all the a- and b-element subsets of Y, 
respectively. 
R):':SULTS 
Further on we assume that the members of the set-system F ={F1, ••. , Fm} are the 
subsets of an n-element underlying set X, and put jF;j = [;. An F; c F is called an own 
subset of F; if F; ¢ Fj whenever i =!'- j. 
THEOREM 2. Suppose that every F; has an own subset F;. Put !F:I = f:, then 
m 1 I , ~1. 
i=l (n-~tf;) 
Equality holds if and only if F consists of the r-element subsets of X that contain k fixed 
points for some r and k ~ r. (Then [: = r- k.) 
PROOF. Clearly, F; ¢ Fj means F; n (X\Fj) =!'- 0. Therefore the sets A;= F; and 
B; = X\F; form an ISP-system with a;=[: and b; = n- [;. Now the statement follows from 
Theorem 1. 
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The set-system P is a Sperner family if P; ¢. Fj whenever i ¥- j. The following inequality 
is due to Lubell [ 4 ]. 
THEOREM 3. If P is a Sperner family then 
m 1 I-,; L 
i=l (;) 
Equality holds if and only if P consists of the !-element subsets of X for some f, 0,; f,; n. 
PROOF. In a Sperner family every P; is an own subset of itself, therefore Theorem 3 
follows from Theorem 2. 
The transversal number of P, r(P) is defined as r(P) =min{ I Tl: T n P; ¥- 0 for every 
i, 1,; i,; m} and P is r-critical if r(P\{F;}) < r(P) holds for every i,; m. 
THEOREM 4. If Pis T-critical with r(P) = t+ 1 then 
Equality holds if and only if P consists of the r-element subsets of a ( t + r) -element set. 
PROOF. The assumption r(P\{P;}) < r(P) = t + 1 means that, for every i,; m, there 
exists a set T; with I Td = t such that T1 n Fj ¥- 0 if i ¥- j. (Of course, P1 n T; = 0 as 
r(P) = t+ 1 > IT;I.) Therefore the sets A 1 =P1 and B1 = T; form an ISP-system and 
Theorem 1 can be applied. 
CoROLLARY ([1, Theorem 2]; [3]). An r-uniform r-critical hypergraph can have at 
most ('!.::.]1) edges. 
We say that P is an Hd+ 1 -system if it satisfies the d-dimensional Helly-property, that 
is, from every P' c P, nF,EF' P; = 0 there can be chosen at most d + 1 sets P; having an 
empty intersection. 
THEOREM 5. Let the Sperner family P be an Hd+ 1-system such that f 1 ~ d + 2 for every 
i, 1 ,; i ,; m. Then 
Equality holds if and only if, for some x E X and r ~ d + 2, P consists of the r-element subsets 
of X containing x. 
PROOF. By Theorem 2, it is enough to show that every F1 has an own subset F; ~ P1• 
Suppose that this does not hold for some P 0 = {x1 , ••• , x1} E E Then there exist f sets 
F 1 E P, 1 ,; i ,; f, such that P 0 n pi = F 0\{ x;} (because F is a Sperner family). Since f ~ d + 2, 
any d + 1 of F 0 , F 1, •.. , F1 have a non-empty intersection. However, P 0 n P 1 n · · · n P1 = 
0 holds, contradicting the assumption that P is an Hd+1 -system. 
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CoROLLARY ([2]). An r-uniform d-dimensional Helly-type hypergraph on n vertices 
can have at most (~~i) edges ifr~ d +2. Ifm =(~~f) then all the edges have a common point. 
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